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Symmetric nearest-particle systems are certain spin systems on {0, 1}Z in which
the flip rate is a function of the distances to the nearest particle of different type
to the left and right. The process differs from the ordinary nearest-particle
system in that the rates are preserved if zeros and ones are interchanged. The
only reversible measure for the symmetric nearest-particle system is a “renewal-
type” measure (the natural analog to the nonsymmetric case). Also as in the
nonsymmetric case, reversibility only occurs when the rates are of a specific
form. By imposing additional conditions on the rates it can be shown that the
reversible measure is the only translation-invariant, invariant measure which
concentrates on configurations having infinitely many zeros and ones to either
side of the origin. This can be used to prove that for a large class of translation-
invariant initial distributions, weak limits are reversible measures. Then we can
conclude that the process is convergent for several examples of initial distri-
butions.

KEY WORDS: Nearest-particle systems; symmetric particle system; reversible
measures; symmetric renewal measure.

1. INTRODUCTION

In 1977 Frank Spitzer introduced the nearest-particle system, which is an
infinite-range generalization of the one-dimensional contact process. The
contact process had been introduced by Ted Harris in 1974 and became the
subject of exhaustive study. Both are examples of one-dimensional spin
systems, continuous-time Markov processes 7, on {0, 1} # whose evolution
is described by the rates c(x, ), xeZ, with which #n(x) flips to 1 —#(x).
The contact process and this nearest-particle system have rates which
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are not symmetric in zeros and ones; the rate with which a site flips is
dependent on the local configuration of ones. When #(x)=0 the rates for
the nearest-particle system are a function of the distance to the nearest 1
to the left and right of x. When n(x)=1 the (death) rates for the typical
nearest-particle system are as they are for the contact process, identically
one.

As with the contact process, one of the main questions we are inter-
ested in answering about the nonsymmetric nearest-particle system is when
does the process survive and when does it die out. This involves analyzing
the invariant measures. Studying a subclass of the invariant measures, the
reversible measures, proves to be quite helpful. An invariant measure for a
Markov process is reversible if the stationary process obtained by using it
as the initial distribution is symmetric in time. As it turns out, reversible
measures for the nearest-particle system are renewal measures, and they
exist only when the rates are of a special form.

The essential difference between the symmetric and nonsymmetric
nearest-particle systems is that in the nonsymmetric case the transition
rates only depend on the distances to the nearest ones, while in the sym-
metric version they depend on the distances to the nearest discrepancy. Let
{B(,r), 1<, r<oo} be a collection of nonnegative numbers satisfying

sup B(/, r) < o0, B, ry=B(r, 1)
ILr
B(1, 00)=p(e0,1)>0,  B(o0, 0)=0
For xeZ and ne X= {0, 1} %, we define /,(5) and r.(n) by

I{n)=x—sup{y <x:n(y)#n(x)}
and

rmy=inf{y>x:n(p)#nx)} —x

with usual conventions regarding sup{&}, inf{F}, and arithmetic
involving co. The rates for the symmetric nearest-particle system are then
given as

c(x,n) =B n), rn))

The symmetric nearest-particle system is a generalization of a finite-range
process which has been studied by Ted Cox and Rick Durrett, the threshold
voter model. The threshold voter model, being a symmetric version of
the contact process, has two natural trivial invariant measures, the point
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masses on the identically one and identically zero configurations. Most of
the research done on the threshold voter model concerns the question of
whether coexistence or clustering occurs. We say that there is coexistence
if a nontrivial invariant measure exists;, otherwise, we say that there is
clustering. Thus inspired, we will try to characterize as much as possible
the invariant measures for the symmetric nearest-particle system, and try to
determine when coexistence and clustering occurs.

In constructing the infinite symmetric nearest-particle system the 01
(or 10) configuration plays much the same role that 1 does for the ordinary
nearest-particle system. In the ordinary nearest-particle system the flip rate
at a site x only depends on the configuration up to the first 1 to the left
and right of the site x. To construct the symmetric system it is necessary
to restrict the process to the subset

)~(={’7€X5 Yo nx)=Y nlx)=o

x=0 x<0

and ¥ [1-n(x)]= ¥ [l—n(x>]=oo}

x=0 x<0

of the space X, for basically the same reason we need to restrict to the
subset consisting of infinitely many ones to either side of the origin in the
ordinary case. The construction then follows the model for the nonsym-
metric nearest-particle system almost exactly; see Chapter VII, Section 3 in
Liggett.®® In this case, however, the finite approximations are based on
fixing a 01 configuration to the left and right of the finite set instead of
fixing ones, since a particle does not need to know the values to the other
side of a 01 in determining the flip rate. Making the obvious modifications
using 01 in place of 1, the construction becomes straightforward if one also
notes that the death rate of a 01 is bounded since the rates are bounded.

As with the ordinary system, we can begin the analysis of the invariant
measures for the symmetric nearest-particle system by characterizing the
subclass of reversible measures. If S(¢) is the semigroup for the symmetric
nearest-particle system concentrating on X, we say that a probability
measure u on X is reversible for the process if

[ st gdu=[gSt) fau  Vfigec®)

where C(X) is the collection of all bounded, continuous functions on X.
As it turns out, reversible measures for the symmetric nearest-particle
system have a form we will call a symmetric renewal measure (see u4 in
Theorem 1.1 below), and they exist when the rates are of a special form.

822/80/5-6-13
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The following theorem, which we prove in Section 2, is the analog of a
result by Spitzer on the ordinary nearest-particle system.

Theorem 1.1. There exists a reversible measure for the symmetric
nearest-particle system concentrating on X if and only if B(/, r) is of the
form

Fl+r)

'B(l’r)=WF(r) Vizl, r>1 (1.2)

for some positive function F, and setting

F(Z) >1/2 1
p(,1)) Fk+1)

36> 0 such that 3, g(k) =1 and ¥ °_, kg(k) 6% < oo.
If this is the case, the reversible measure is given by

k=1

g(k) =<

k) h Im km+1

—A— —A A

=ﬂ(k1) Blky) - - Blk,,..\) BUI) BlLs)--- B(l,,) (13)
2 ’

for k;, ;> 1, and m >0, where f(k) = g(k) 6* is a probability density on the
positive integers with finite mean .

Remark. Note that if F is positive and the power series
S [1/F(k +1)] x* has a nonzero radius of convergence R, then for 8(/, r)
of the form (1.2), Theorem 1.1 says there is a constant 0 < ¢ < oo such that
there exists a reversible measure for f(1, 1) <e¢, but not for f(1,1)>c.
Furthermore, ¢ < co if and only if 3, [ R*/F(k+1)] < co0.

In Section 3 we impose some conditions on the rates S(/, r) and use
the free energy technique to show that considering only measures which
concentrate on X the reversible measures are just the translation-invariant,
invariant measures. This analog of Liggett’s result for the ordinary system
relies on our characterization of the reversible measures in the previous
theorem. We will require f(/, r) to satisfy (1.2), with F positive, and that
B, r) be monotone decreasing in / and r for large /+ r. This monotonicity
assumption is really quite natural, since it is a generalization of the condi-
tion for attractive rates.

Theorem 1.4. Assume that 8(/, r) satisfies (1.2), where F is positive,
and that there exists a positive integer N such that f(/, r) is monotone
decreasing in / and r for /+ r > N. Then any invariant, translation-invariant
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probability measure on X is reversible and, hence by Theorem 1.1, a sym-
metric renewal measure.

In order to obtain some interesting applications of Theorem 1.4 it will
be useful to realize a few facts about weak limits of Cesaro averages and
invariant measures. At the end of Section 3 we show that in the attractive
case the process can be extended continuously to include the configurations
n=0 and #=1. Suppose u is a probability measure on X which concen-
trates on a set of configurations for which the semigroup S(t) can be
defined continuously. Assume that a weak limit of Cesaro averages of uS(#)
is a measure u* which also concentrates on a set of configurations for
which the semigroup can be defined continuously. Denoting the convergent
sequence as U, by Skorohod’s theorem there exist random variables #,, and
n and a probability space Q so that #, has distribution u,, for each n, # has
distribution z*, and #,, — 7 a.s. on Q. Thus S(¢) f(#,) = S(¢) f() asn—> ©
for all bounded continuous functions f. Hence, :

ES(t) f(n,) = ES(¢) f(n)
and

[ 5(0) £~ [ 5(0) 1 du*

This result is enough to give us the invariance of u* if the proof of Proposi-
tion 1.8 in Chapter I of Liggett®® is followed. Suppose now that v is any
invariant measure on X such that v(¥)> 0. Let v_ be the measure v condi-
tioned to concentrate on X. Then for any cylinder set 4 and ¢ >0,

flinzdv 1 .5dvy,
WD D)
f2S()1,dv
RS

J 1,dv.
=fS(t) 1, dv,

where the third equality follows because 7,e X implies #,€ X. Hence v, is
invariant. To get a consequence of this, assume the hypotheses of
Theorem 1.4 and let v,,, denote the product measure with density 172, Then
if a weak limit v* of Cesaro averages of v,,,S(t) concentrates on X, it must
be a symmetric renewal measure, while in the attractive case if no reversible
measure exists, v¥ must be the measure 18, + 34,. Further applications are
found below.

If we have rates S(/, r) of the same form as in Theorem 1.4, then it can
be shown that for a large class of translation-invariant initial distributions
any weak limit which concentrates on X is reversible. Thus if the process
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is reversible (a reversible measure exists), a large class of initial distribu-
tions converge to the symmetric renewal measure determined by the rates,
while if the process is not reversible, we get many instances for which initial
distributions which are symmetric in zeros and ones converge to 16, + 14,.
The proof of these facts will be found in Section 4.

It is conjectured that the remark following Theorem 1.1 generalizes
beyond the reversible case: Under certain conditions on the rates, for fixed
B, r), I+r=3, we can find a constant 0 <c< oo so that there exists a
nontrivial invariant measure for §(1, 1) <c¢. Under other conditions on the
rates, for fixed S(J, r), I+ r>=3, we can find a constant ¢ < o so that only
trivial invariant measures exist if f(1, 1) > ¢. These questions of coexistence
and clustering have been partially solved at this time. The complete
solution is still an open problem.

2. CHARACTERIZATION OF THE REVERSIBLE MEASURES
In this section we use two propositions to prove Theorem 1.1.

Proposition 2.1. Suppose that f(/, r) satisfies (1.2), where F is
some positive function. Set

F(2) >1/2 1
B, 1)) Fk+1)
and suppose 30> 0 so that f(k) = g(k) 6" is a probability density function

on {1,2,.} with finite mean a. Then p, as given by (1.3) is reversible for
the symmetric nearest-particle system concentrating on X.

¢(k) =<

Proof. We begin by considering more carefully the approximating
Markov chains which were used in the construction of the process. For
m<n, let Z,, ,={mm+1,.,n} and X, ,={0,1}% Let ™" be the
approximating process defined on X, , conditioned on fixing a 0, 1 at the
sites m—2, m—1 and n+1, n+2. Set u,, , to be the probability measure
on X,, , which is defined by

m, n

)um.n{C} =/—lp{77: ’7=C on Zm‘n|’7(m—2)=’7("+ 1) =0
and n(m—1)=n(n+2)=1}

Our first goal is to prove reversibility of u,, , for the approximating
process. For xe Z,, , and {e X,, ,, we must show

P nl€) _ BULE): r(E5))
P, a(Cx)  BULL), r(0))

where { (y)={{(y) for y#x and { (x)=1—{(x).

(2.2)
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Suppose that {(x)=1.
Case A. ( contains a configuration of the form

k1 k3

—t —r
10---010.--01, k,>1

site x

Then

B8 _ k1) B(1) Blks) _ glki) g(1) g(ks)
lum,n(cx) ﬁ(kl+k2+1) g(k1+k2+1)

F(2) 1 1 1
_B(LD) Rk, +1) Flk, + 1) [ (1, 1) F2)]1'?

F(2) >”2 1
<ﬂ(1,1) Flk,+k,+2)

Flk,+k;,+2)
_Fle+ 1) Flky +1) _ flky+ 1,k +1)
A1, 1) B(1,1)

Case B. ( contains a configuration of the form

k li
—A N

10...011---10, k=21, =22

X

Then
Hmnl@) __ BEYBL)  _ glk) g()
Umnl(Cs) Blk+1)BUI—1) glk+1)g(I-1)
1 Flk+2)
_Fk+1)FI+1) Fk+1)F1) Blk+1,1)
B 1 TOOFRI+) LD

F(k+2) F(]) F(I) F(1)

Case C. ( contains a configuration of the form

1 2]

01.--111-.-10, =1

sitex

1125
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Then

b0 _ Bhth+1) _ glh+h+1)
)~ B B B(E) ™ g(1y) &(1) g(lo)

< F(2) >’/2 1
B/, Fl+1,+2)

T F(2) 1 1 1
B, 1) F(l,+1) F(1,+1) [F(2) p(1,1)]'7
B(1, 1) __paLy

Fli+L,+2) ~ pUL,+1,L+1)
Fl,+ 1) F,+1)

Hence (2.2) is satisfied. By symmetry, (2.2) also holds if we assume
{(x)=0. Let S, (¢} denote the semigroup corresponding to the process
n", and C,, , be the set of all functions on X,, ,. Since, by (2.2), y,, , is
reversible for #7"", we have

[ 1S0nlt) 81t n= [ 8Smonl®) f it Vf8€C,.  (23)

We need to check that

lim /um,n=/'t[3
m— —oo
n— + o

in the topology of weak convergence on X. By the renewal property of u,
[ which means given #{x)=0(1) and 5#(x+ 1) =1 (0), the random variables
{n(k), k < x} are conditionally independent of the random variables {5(k),
k> x}], for the limit on » it suffices to show that

n sites

f_A_\ 1
#p(01---101) - — as n—o
20

Now

n n n
n —my P, —m,

o pg(01---01)  pg(01---1) —py(01---11)
01-..101)= =
#0110 =", 101
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Similarly
,-a"\—-\ ——
p01-10) (01 1) —pu, (01711
01---110)= =
#aO1 | 110) 1y(10)
Thus
n n n n-l

—A—

—N —t—
#p(01---101) —p5(01 -- - 10) = pp(1 ---[10) = #;z(l 110) > 3—3=0

by left\right symmetry and the Alternating Renewal Theorem. Let u be the
ordinary renewal measure determined by the density f. Then for k,, ;=1
and m>=0

ky h In km +1
k|—| 11—1 l,,.—l kme1—1
r—"—-x
= 14(10---010---01---10-.-010-.-01)

So applying the regular Renewal Theorem, we get

—=11m/1(1 |1)
_ g 265001 01) + 20,01 10)
n Zﬂﬂ(ol)

n

—hm 2u,(01 - |01)

which gives the desired result. The limit as m - — o0 is obtained in basi-
cally the same way. Now, by the construction, S,, (1) g—S(t)g as
m— —oo and n— oo uniformly on compact subsets of X for each g e C(X),
and since py(X) =1, we can take the limit in (2.3) to get

ffS(t) gdug= j gS(t) f dug

for all f; ge D, where D is the set of functions on X which depend on only
finitely many coordinates. Therefore, since D is dense in C(X), we can
conclude that u, is reversible. ||
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The next statement is basically the converse of Proposition 2.1.

Proposition 2.4. Assume that there exists a reversible measure u
on X for the symmetric nearest-particle system with strictly positive rates
B(L, r). Then there exists a positive function F such that

F(l+r)
=—" =1, 1
B, r) FU) Fr) for r>
Furthermore, setting
F(2) )'/2 1
k)= for k=1
8t%) <ﬁ(h1) Fevn O

we have that 36 >0 so that f(k) = g(k) 68" is a probability density on the
positive integers with finite mean, and g = u,.

Proof. The first step is to find equations which the function f§(-,-)
satisfies. By making a slight modification in the proof of Proposition 2.7 of
Chapter IV in Liggett,’® we get

BlL{n), r(m)
BULm), rm)) + B(Ln.), rn.))

Since (-, -) is strictly positive, (2.5) implies that g assigns positive prob-
ability to any subset of X which depends on only finitely many coordinates.
For xeZ and k,,..., k,, = 1, define subsets of X by

ul{n(x)=11n(y), y#x} = (2.5)

Ak, k,)
and n(y)=0forallotherx<y<x+k,+ --- +k,, and y=x—1}

By (2.5)

HAL k) _BULK)
WAG+R) T AT

for all xeZ and all j, k> 1. Using (2.5) again, write
pALL K D) Ak D) wAj+K D)
wWAG+HE+D) w4 +k D) (AL +k+1))

_BUK) BU+K D)
B 1) AL 1)

for j k,I>1
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A similar argument gives that this quantity also equals

Blk, B k+1)
B(1,1) p(1,1)
Now
w4k, 1)) A kD) A +k 1))

WAG+k+1)) ul(A+k) pAj+k+1)
_BUKIBG+k D)
B(L 1) A1, 2)

A similar argument gives that this quantity also equals

Bk, 1) p(j, k+1)
B(1,2) p(1, 1)

for j,k>1

Thus we have for k#1

Bl k) B(j+k, 1) =Bk, 1) B(j, k +1) (2.6)
Now for [>1

pALLLD) (AL L D) p(4.(2, D) _ AL 1) B2, 1)
wAL+2))  p(AL2, D) w(A1+2)) B(2,2) B(1,1)

Also

w40, 1L0)  w4(0,1,0) w41, 1+1) B, D B(L T+1)
wA1+2))  wAL1,1+1)) wA(+2)) BB, 1) A2, 1)

Thus we have

B3, 1) B2, 1) B2, 1y=B(2,2) B(1, 1) (L, I+ 1)

or
A, DAL I+ BB, DD _
B(2,1) B(2,2)

where ¢ is a constant. Now

Viz2 (2.7)

pi2,2) =23 DA D

and

B4, 1) B3, 1) B2, 1)

AB3.2)= (2, 1)
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Assume i, j>2, and

BU+i=1,1) fi+i=2,1)--- i 1) 28)
B, 1) =2, D) B2 1) |

Then

B+ D BGL) _UHE D BU+i—1, 1) B+ 1, 1)
A+ D="—251) Bli—1, ) Ai—21)—f 1)

Hence, by induction, (2.8) holds for all i j>2. Let F(i)=
Bli—1,1)---B(2, 1)c, for i>2, F(2)=c, and F(1)=1. Then we have

F(l+r)
K1) F(r)
Next we want to characterize the reversible measure u. For k;, /;>1 and

m =0, using (2.5), write
ki h Im km+l

A A —f—
,u(lO -011---10--.01--- 1 10 -01)

Bl r)= vizl, r>1 (2.9)

X] X2 Xn—2 Xp—1 Xn ﬂ(xn——l Xp_2,X Xp— l)
[3} h In—1 kmer1+1 ﬂ(l 1)
A A A A, ms
x0 x| X2 Xp—2 Xn
and
k h In—1 kmyt+1
—A— —— —~
x0 X1 X2 Xn-2 Xn _)B(xn—Z_xn—B’xn—xn—Z)
&y I In—~2  kmi1+2 - B, —1,1)
A A —— e~y m Py
X0 X1 X2 Xp-3 Xn

Continue in this manner to finally get

k) ] Im km 41

A, e "~
;1(10 -011---10.-.01-.. 1 10 01)

ﬂ(EOO"'Ol)ﬁ(xn—l Xp—2sX%X Xpy_1)- ﬁ( —Xg, Xp—X)
- nL.ﬁ(i,l) T, BG, 1)
F(xn_xn-—z) F(xn_xo)
10---01
M) Ry —n ) Flxas —5na) Flxa— ) Flx, — %)
ﬂ(l 1)

——F(,+1)-

/i’(l; 1)1""(1,,,+1)
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#(10---01) F(x, —xo)
X0 Xn

<ﬁ(1’ 1)>mF(kl+l)F(km+1+1)F(ll+l)F(l'"+l)

F(2)
u(10---01)
=mg(kl)'~~g(kn,+x)g(ll)---g(lm)
where
_ F(Z) 1/2 1
g(k)“<ﬂ(1,1)> SIS
Set
——
u(10.--01)
h.(n) ) , nzl
Then, since u(X)=1,
2£(10---01---10-..01)
h — x
A7) k.él g(n)
n+k+1
——
pu(10.-.01)
=k’,§1mg(k)g(1)=k‘élhx("+k+l)g(k)g(1)

The remaining step in our proof involves solving for s (n). Let H be the
set of all nonnegative functions A(n) on {1, 2,...}, such that #(1)=1 and

Y. h(n+k+1)g(k)g()<h(n), Vnz1 (2.10)

kiz1

Now H is convex and compact in the topology of pointwise convergence
on [0, 00)x[0, 0] x[0,00)x[0,00)x ---, since A(1 +k+1)gk)g(l)<1
Yk, l. Now H is nonempty because h(n) =h (n)/h (1) is in H, for xe Z. Let
H, denote the set of all # in H such that equality holds in (2.10) for all
n>1. Since H is metrizable, Choquet’s Representation Theorem implies
that every element of H has an integral representation in terms of the
extreme points of H. Now the integral representation of any 4 in H, can
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only involve extreme points of H which are in H,. Let 4 be an extreme
point of H,. Then [note that A(n)>0 for all n]

h(ny= 3 hin+k+1)gk)g(l

kiz1
h(n+k+1)
= hl+k+1)glk) gl 2.11
= I ke n kD el g 11)
Since
Z Ml+k+D)gk)g()=h1)=1
kilz1
and
h(-+k+1)
nitk+n o Vk!

then (2.11) gives /i as a convex combination of elements of H,. Since # is
extremal, we must have

%%}%}%:mw vk, L n3> 1

Now
h(4)=h(2) h(3) and h(5)=[h(3)]?
Also
h(5)=h(2) h(4)

Hence,

[A(3)1? = h(2) h(4) = h(2) K(2) h(3)
Thus

h(3)=[h(2)]* and  h(4)=[hn(2)]?

Now suppose h(n+k+1)=[h(2)]"***'~1. Then hn+k+1+2)=
h(n+k+1) h(3)=[h(2)]"***'*1. So by induction h(n) =[h(2)]" " 'VYn=1.
Set §=h(2). Then

h)=1= 3 h(1+k+1)glk)g(l)

kiz1

>3 2
- 8“‘g(k)g<z)=[ 5 9*g<k>}
k

kiz1 =1
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Thus
Z glk) 6% =1 (2.12)
k=1

giving a unique = Ah(2). Hence H, consists of just one element, the func-
tion h(n)=6""", 0 solving (2.12). So h(n)=h,(1) 6", for all xeZ and
nz 1. Thus by the definition of /,(n) '

n

p(10---01)g(1)=p(10 1) g(n) 6"~

If we interchange the roles of left and right we get

n

——
ﬂ(lO---Ol)g(1)=/£(x+'1’_ 01)g(n)6"!

1

Hence ,u()lc 0 1) is independent of x. Therefore, A, (n)=af" for some con-

stant a > 0. Now we want to find a=pu(101)/g(1)6. In our characteriza-
tion of the measure u so far we have not assumed anything special about
the role of zeros versus that of ones. Thus it is also true that

ki I Im km+1

—A— A A A
£(01.--10.--01--.10---01---10)
#(010)
g(1)8

So if we knew that p#(101)=x(010), then we would know that the
measure u is symmetric in zeros and ones. Now

glk,) 6% -glk,, ) 0" g(1,) 6" ---g(l,,) 6™

k I

#(010)= > u(10---010---01)

k.1z1

1
- 3 M et 6451) ) =i 0 1)
kiz1

n

—A
giving the desired symmetry. Observe that since x(10---01) is independ-

X
ent of x, we have
n

,u(11)=1—§ (n+1)p(10...01) (2.13)

n=1
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must also be independent of x. We now know

n

=u)=p(1 )+ ¥ u(10-01) (214)
n=1

Thus using (2.13) and (2.14), we get

© ,JL.\ © —
Z (n+1)u(l 1)=4— Z/,t(lO .01)
giving

3= mu(10---01)= Y naf"g(n)

n=1 n=1

Hence
1

a=————
235 ng(n) 0"

So if we set B(k)=g(k)6*, where 6 is the unique value satisfying
> ,g(k)8*=1, then B is a probability density on the positive integers
with finite mean «, and

kl 1y Im Kmal

—A— A —~A A
#(10---01---10---01---10---01)

_Blky) Blks) - - - Bk 1) B(L) B(L) --- BUU)
2a

O

Consider the example in which the rates have the form

m ,.)=<l+%>p=(l+r)p

/ 1Pre

for I4+r >3, so that F(k) =k”. Then by Theorem 1.1 there exists a revers-
ible measure for the system only if

oo 1 2
A1, 1)<2"[k§l m] (2.15)

If the inequality in (2.15) is strict, then we have a reversible masure, while
if equality holds in (2.15), a reversible measure exists if and only if p > 2.
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3. THE TRANSLATION-INVARIANT, INVARIANT MEASURES

In this section we prove Theorem 1.4. We will assume that B(/, r)
satisfies
Kl+r)

,B(I,r)=W vizl, r>1

for some positive function F, and that there exists a positive integer N such
that S(/, r) is monotone decreasing in / and r for /+r> N. The goal is to
show that any translation-invariant, invariant measure on X must be
reversible (symmetric renewal). The method that will be employed here is
sometimes called the free energy technique. It has been used by Holley and
Stroock in studying spin systems, and derives its name from associations
with physics, where the “free energy” of a measure is one characterization
of physical systems. For an example of this technique with some motivating
ideas as to its use in the present setting see Liggett.‘® Now choose 8> 0 so
that

k k
LRk+D)? <
and
Flk+1)
aF (k) {y>1 as k- w
Let
([ F2)N\? 1 "
g(k)—<ﬁ(1,1)> F(k+1)9 for k=1
Then
g(k)
g(k+1)ly as k— oo

Define v to be the function on cylinder sets of X which is symmetric in
zeros and ones, so that

ki h Im kmyt
—t A

~—A A

=(Z g(k))g(kz)~--g(km)( 5y g(k))gu,)g(lz)---g(l,,,)
k

=k kzkmi
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and

k) 4 K Im
—t ——

—— —
y(0---01-.-10..-10---01---1)

=< > g(k)>g(kz)---g(k".)g(ll)g(lz)-'-g(l,,._l)( > g(1)>
kzk 1z,
for k;, [;, m>1, with
k .
v0--0)=Y ¥ gli)
jzk izj

Let x be a translation-invariant measure on X which is symmetric in zeros
and ones. In this paper we will actually prove more than is necessary for
the proof of Theorem 1.4. The general statements in the following lemmas
and propositions are intended for use in future results. So with that in mind
we will not yet restrict # to be invariant. Set px,=uS(¢). For n20, let
Zo,=10,1,.,n} and X,,={0,1}*". If xe Z,, and e X, ,, set

al(n, x) =J e(x, §) du(£)

{C:{=10n Zon}
Mi(m)=pf{C:{=nonZ,,},  Nn)=vn)
B,={(x,n)€Z,,x Xq,:n(x)=1and By, z, v such that
V:2€Zo 1, U, VEZL 41 0,5
and (y) =0, 7(z)=1, 7(u) =0, and n(v) =1}
Define the free energy on [0, #n] of the measure u, as
Hw)= T Min)log (7

where the function xlogx is understood to be 0 at 0. Our first result
enables us to write the derivative of H,{u,) as a sum of terms over B, plus
a sum of negative terms.

Lemma 3.1. We have

dHn(lul)= Z [a:,(”x’ X)—a,',(ﬂ, x)] log a::(”x’x) M::(”) Nn(”_\‘)

dt {x,n)e By, allr(”’ X) M:.(”\') Nn(”)

‘ @, x)

) [a:l( .\"x)_a,’,( ,X) log 2——

2 x EZZ()," g 7 ] g a:,(ﬂ, x)
neXon
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Proof. For fixed ne X, ,, let

1 if {=xgonZ,,
&)= {0 otherwise

If we denote the generator of the process by Q, then from the construction,
[S(s)g—g]/s— Qg as s —0 uniformly on compact subsets of X, so we
have
dM ’(
WD) _[ Qg duy= T, Layfne ) —aiin, x)]

x€Zon
Now

dH,(u,) _ -3 dM’ ) (Mﬁ.(n)>

hok N,n)
MLW))
M!
+'IEZXOn (’7) <N"(;7)
= XEZZQ" [atn(nxa ) a"(’], _x)] ]og (Nl((”))>

+ Z [a;(nx’ X) —a;(n, x)]

xeZyn
n € Xon
M, (n)
= a,(x, x)—a,(n, x)] 1o ( >
X, n 0 log {3y oy
ne Xo,n

Making the change of variable # — n, gives for xe Z,,

N,(n,)
a,(M, x)—ay(n, x)] lo
43;,,,[ (M, X) —a,(n, x)] VTS
N.(n)
= — a" X1 X s X 10
'IEZXu,n[ ('7 ) ’7 )] gMn( )
So the previous two identities show
dH"(ﬂI) 1 M"(”) N"(”Y)
=3 an( x3 X _an( :x) IO —_—
a3,k Lt —aln0lloe g e S
7€ Xon

822/80/5-6-14
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Thus,
dH,(u,) 1 a,(n, x) M,(n) N,(1,)
== al(n., x)—al(n, x)] log = -
a2, Lo D) maln xTloe i S N )
r]eXo:,.
1 a (M X)
- al(ne x)—ay(n, x)] log —“——=
2,\'5220.,.[ (’7 (’7 )] g a"(;y, x)
ne Xon

Now we can replace the first sum by twice the same sum over just those
n and x for which #(x) =1, since replacing # by #, in the summand has no
effect. The required statement then follows, since the terms in the first sum
vanish for (x, #) ¢ B,,, as can be seen by the facts below.

Let n(x)=1, where (x,%)¢B,,.

Case A. Here i is the distance to the closest 1 to the left of x, and
j is the distance to the closest 1 to the right of x, and i, j> 1.

Then
X)L Flit))
My Ve =D TG
_ gi—Dg(l)glj—=1) N (1)
IRy A

while
M) _ 1
a,(n,x) B(1,1)

Case B. Here i is the distance to the closest 0 to the left of x, and
J is the distance to the closest 0 to the right of x, and i, j> 1.

Then
a,(n, x) Fi+j) N,(n,)
—e(y, x) == S) _ gy, 1y Dallx)
M) - =y Ey =P DN )
while
M, (n,) 1

aynex) (L 1)
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Case C. Here i is the distance to the closest 1 to the left of x, and
J is the distance to the closest 1 to the right of x, and i>1, j=1. (We get
the same basic result by assuming i=1, j>1.)

Then

ai(n., x)
M (n,)

Fli+1)  gi—1)
F(i) F(1)  g(i) F(1)

= (1., x) =B, 1) =

Now k is the distance to the closest 0 to be left of x, and / is the
distance to the closest 0 to the right of x, and k=1, /> 1.
Then

a,(n, x)
M (n)

B ~ _FI+1)  gll-1)
=c(n, X)—IB(]’1)_F([)F(])_g(l)F(1) o

while

The aim at this point is to show that for any interval [0, T'] the
supremum over f€ [0, 7] of the first sum in the expression on the right of
the identity in Lemma 3.1 is bounded above by something that is o(n) at
least along some subsequence. This will be accomplished using a series of
lemmas and propositions. Let a =inf, #(1,n)>0 and b=sup,, (], r) < cc.
Set G(k)=23;°, g(l). Since g(k)/g(k+1)|y as k - oo, by Lemma 3.12 in
Liggett® we have

im SV (32)
n— o g(n) 'y—l
and
o0 2
Jim Zk=n G(k)=< Y ) < (3.3)
noewc  g(n) y—1

The first step will be to find upper bounds for N,(#)/N,(n.) and
NH(”X)/NII(”) When (x’ ’7) e B"'

Lemma 3.4. Let (x,#)eB,, where 0<x<n and n=0o0n Z, ,_,,
or x=0. Then N,(#)/N,(n,) is bounded above by a constant independent
of n, x, and #. For x>0, if =0 on Z,,\{x}, then

Non) M
N, () \ﬁ(x+l,n—x+ 1)
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for some constant M independent of n, x, and . If =0 on Z, ,\{x} and
n(v+1)=1, where 0 <x <v<n, then

N (1) _ N
N(n) “Blx+1,v—x+1)

for some constant N independent of », x, and 5. Otherwise, N,(n.)/N.(n)
is bounded above by a constant independent of », x, and 7.

Proof. Case A. O<x<n, n=0o0nZ,,_,, and n(x+1)=0.
1. If =0 on Z,,\{x}, then

N(n)= 3 go—u)= 3 G(k)

u<0 k=n+1
vzn

and
N,(n) =3 g(x—u)g(l)g(v—x)=G(x) G(n—x)g(1)

u<0
vzn

So
Nulne) _ 28,41 Gk) g(x) g(n—x) g(1)
N,(n) gln+1) G(x)Gn—x)g(l)

><F(x+1)F(n—x+1)ﬂ(l, 1)
F(n+2)

_ Zkensn G(k) g(x) g(n—x) B(1, 1)
gn+1) Gx)Gn—x)p(x+1,n—x+1)

Thus by (3.2) and (3.3)

Nn(”x)< M
Nn(n) \ﬁ(x+1’n_x+l)

and

N,(n)

<M
NII(”.\')

for some constants M and A which are independent of n, x, and #.
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2. For x<v<n,ifn=0on Z, \{x} and #(v+1)=1, then

N,(n)= 3 glv—u)K=Go+1)K

u<0

for some constant X, and

N(n)=7Y glv—x)g(l)glx—u)K=g(v—x)g(1) G(x)K

u<0

So
Nun,) _Glo+1) glo—x)g(1) g(x) Flx+1) Flo—x+1) (1, 1)
N,(n) glo+1) glv—x)g(1) G(x) Flv+2)

_Glo+1)glx) B(1,1)
gv+1) Gx)B(x+1,v—x+1)

Thus by (3.2)

Nin)____N
Nn(”) \ﬂ(x+17v_x+1)
and

N.(n)
"('7.‘()

<N

2

for some constants N and & independent of n, x, and 7.

CaseB. 0<x<n,n=00on2Z,,._,,and g(x+1)=1.
Then

N(n)= Y glk)ghC

k7.\'
o R 1 1
Evﬂ(l DFE+DRI+DY €

_ v F2) B+ I41)
L AL R+l 0 €

k>x

F(2) Bk, 1+1) B k+1+1)

= k+1
—kgxﬂ(l,l) B(1, k) F(k+1+2) gc
{
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where the sum over / is either over all />n — x or just one fixed /, and C
is a constant, while

k>x

— 1 1 k41
E\ﬂl DR R+ ©

o F2) Bk I+2) ..,
,Ex B(1,1) F(k+l+2)0 ¢
5 F(2) Bk, I+ 1) B(L, k+I1+1)

9k+lC
kNﬂ(ll B(1,1+1) Flk+1+2)

Thus
N _b
N,n,) a
and
Nin.) b
N,(n) "a
Case C. x=0.

l. ForO<u<n,if n=0on Z, \{x} and (u+1)=1, then

N,(n)=G(1) g(u) XK'
and

Ni(nx)=Gu+1) K'

for some constant K'. Hence

N _G()g(w) G(1)gut1)g(u)
Ny(n,) Gu+1) Glu+1)gu+1)

for some constant M’ independent of n, x, and #. Also

Nyn) _ Glu+1) __ Gw)
N(n) G(1)gu)  G(1)g(u)

n
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for some constant M " independent of n, x, and ».
2. Ifn=0on Z,,\{x}, then

N(n)= ) gu—v)= 3% Glk)
u:'(') k=n+1
and

N, (m)=G(1) }, g(u)=G(1) G(n)

uzn

Thus
Non) __G() G(n)
Nuny) X, Glk)
D[ g(n)+Gn+1)]
2 ns1 GlK)
_ G(1) g(n) +G(1)G(n+1)
Zl‘:o=n+l G(k) Zzo=n+l G(k)
<G(1)g(n) G(1) G(n+1)
gln+1)  ¥¥_ . Glk)

<N’

for some constant N' independent of », x, and #. Also

Nn(”x)=zz-o=n+1 ( Zk n+lG(k)
N.n)  G(1)G(n) G(l) (n+1)

for some constant N" independent of », x, and #.
3. ForO<u<n,ify=1on Z,, and n(u+1)=0, then

N(m=3} g)K"=Gu+1)K"

I>u

and

N,(n,)=G(1) g(u) K"

for some constant K”. Thus, by basically the same estimates as are used
in 1, N,(#)/N,(n,) and N, (n.)/N,(n) are both bounded by constants
independent of », x, and #.

4. Fory=1 on Z,, use the same ideas as in 2. ||
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Remark. Note that if we use the facts that the function v is sym-
metric in zeros and ones and the role of left and right can be interchanged,
then Lemma 3.4 covers all possibilities, and hence we have upper bounds
on N,(n)/N,(n,) and N,(y,)/N,(n) for all (x,n)eB,.

Lemma 3.5. There exists a positive constant ¢ so that

Bk, 1) = cg(k) y*
for all k and L

Proof. If k, /> 1, then

B(1, 1) g(k—1)g(1) g(/—1)

k)=
Bk, 1) glk+1-1)
glk—1) g(l—1)
=6(1,1) g(1 k
B(1,1) g(1) 20 &l )g(k+1_1)
> cg(k) y*
for some positive constant ¢, because
g(n) o
= k=
Znt ) yc Vr, k=21
for some ¢’ >0, since
g(n)
= Vn=N
gnrn>t "

The result follows since inf, ., f(k, 1) >0 and g(k) y* is bounded. |
Let

hik)=pALeX:L(0)=1,¢(k)=1,and {=00n Z, ,_,}
and

Hfk)=} h(l)

1=k

Then >, H,(k)< oo, since y, is translation invariant and concentrates
on X.

Lemma 3.6. Ify.=0on Z,,, then

Mrlt(”x) < Zk2n+2Hl(k)
a, (. x) " cgn+1)y"* H(n+2)
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and for 0<x<v<n, ifp,=00n Z; , and n(v+1)=1, then

M,(n.) 1
al(n,,x)  cgn+1)y"+!

for some constant ¢ >0 independent of n, x, and #. Similarly, if #=1 on
Z,.,, then

M:I < Zk>n+2Hr(k)
al(n, x)  cgln+1)y"* Hn+2)

and if p=1 bn Z, . and n(v+1) =0, then

M,(n) < 1
al(n,x) cgln+1)y"*!

Proof. Ifn.=0on Z,,, then using the previous lemma and the fact
that g(k) y* is decreasing for large £,

a;(n.\" X)= Z ﬂ(x—u, U—X) hl(v—u)

u<0
r>n

> ) cglx—u)y* " "h(v—u)
u<0

Zeglx+1)y** ) hfv+1)

v>n

Zcg(n+1)y"+*' H(n+2)

for some positive constant ¢ independent of n, x, and #, while

M::(qx)z Z hl(v_u)= 2 Hl(k)

u<0 kzn42
v>n

Ify,=0on Z;,and y(v+1)=1, then

aj(ne,x)=3Y Ppx—uv—x+1)

u<0
'X,ul{C: C(u) = l’ C=O on Zu+l‘0, and C=77,\' on ZO.n}
Scgln+ 1)y !

X Z ﬂ:{CC(“) = 1, C=0 on Zu+1.0) andc:”x on ZO.n}

u<0
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while

M:,(”x) = Z /I,{Cg(l«l) = 15 c=0 on Zu+l.0, and C=77x on ZO,n}

u<0

The second statement follows from the first and the fact that u, is sym-
metric in zeros and ones. |

Lemma 3.7. We have

1
lim sup - Y al(7.x)=0

=% 1e10,71M (x pyes,

and

1
lim sup - Y ai(n,x)=0

1= ® 1e[0.717 (x e B,

Proof. For all te[0, T]

Y Mno=Y Y My

(x,n)e B, x=0 ng:(x,n)eB,

<2 ) [pf¢:{=00nZy, \}+ud{l:{=10nZ,,_,}]

x=0
=4 ¥ [(a—emnziin gy
x=0
So

1
sup — ) Mi(n,)—0

refo, 71 M (x.n)€ By

by the fact that u concentrates on X and the dominated convergence
theorem. The first statement follows since a(y,, x}) <bM!(n.). The proof
of the second statement is essentially the same. ||

With the preceding technical lemmas in hand, we now can show that
the previously mentioned quantity is o(n) by dividing B, into disjoint sets
corresponding to bounds we have obtained for various terms.

Proposition 3.8. Let
B,={(x,n)eB,:0<x<mn(x—1)=0and g(x+1)=1,0orp(x—1)=1
and n(x +1)=0;or x=0and n(x+1)=0, or x=n and n(x — 1) =0}
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Let
§,,= {(x,n)eB,:0<x<nn(x—1)=0andy(x+1)=1,
orp(x—1)=1land gp(x+1)=0; or x=0and
nix+1)=1l,orx=nandy(x—1)=1}
Then
1 : ’
A 8 B e <
and

al’l(”x’ x) M:x(”) Nn(”.\:)

1
limsup sup - Y  —a,(n, x)log

n te[0,7] n (x,q)EB,, allx(”’ X) M::(”x) Nn(r/) h
Proof. On B,
[ 4
anex) M) L
Mn(q-\’) an(”’ X) a

and N,(n,)/N,(n) is bounded by a constant. Thus

. 1 a,(Nx, X) M, (1) N(n.)
limsup sup - a.(n., x)log == = -
" p’e[o-T]n(x.nZ):eg,, a,(n, x) M (n.) N,(n)

. 1
<Klimsup sup - Y ai(y,,x)=0
" te{0,T] n (x,n)e B,

for some constant K > 0. The proof of the second statement is basically the
same. |

Proposition 3.9. Let

B,={(x,n)eB,:n=10nZ,,}
and

é,, ={(x,n)eB,:n,=00nZ,,}
Then

. a, (., ) M,(1) N, (1)
lim 1nf{— a,(n., x)log = r
P e, T 8 G o M ) N )

1 a, (1, X) Mi(n) N,,(ﬂx)]
—= al(n, x)log —= & <0
h (x.r;& é,, (’7 g al’l(”’ X) MI’I(’?X) Nn(”)
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While if there exists a >0 such that

w{n(0)=0|n(x)=0forall0 <x<nand y(n)=1} >4 (3.10)
for all n= 1, then

al’1(’7-\" x) M::(”) Nn(”x)

1
limsup sup |- Y al(n,,x)log

n 1e[0,T] n (x.r])EE,. a:x(’]’ x) M:;(qx) Nn(”)
1 a (1., x) M'(n)N,.(rlv)j|
—— at(n, x}log == n *1<0
o g, 2 1O G ST M0, Nl
Proof. On B,

aplr(n.\’”x)<b M:,(ﬂ) < Zk>I,+2HI(k)
M) a'(n,x)  cg(n+1)y"*"H(n+2)

and N,{n,)/N,(#n) is bounded by a constant. On é,,

al’l(n’ x) MI’I(”X) N’l('])
M:I(n) ’ a:l(rlx’ x)’ Nn(”x)

are bounded by the same things, respectively. Since

Y an.,x)

(x.m)eB,
and

Y ay(n,x)

(x.nye B,

are bounded, it suffices to show that

< Zkarl+2Hl(k) ><0
gn+1)y"* " Hn+2))

lim inf ! log
n n

to prove our first claim. Writing

llog( Zk3n+2Hl(k) >
n gn+ 1)yt ' H(n+2)

110 2&2;:+2Ht(k)_10gg(n+1)_n+ 1 log)’
n

H(n+2) n
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our result follows since
o1
lim p log g(n)= —logy

and

lim inf L Jog Zk22 k)

n n H,(n) =0

by Lemmas 3.7 and 3.8, respectively, in Liggett.®’ Now

Y an(ne,x)

(x,m)e Bn
and

2 ayn,x)

(x.n)€ B,

are both bounded above by

bu{n: n(x)=0for nsites xe Z, ,}

<2bu{n:n=00nZy (,p3}

<2b f (1—e~ oY= gy s 0

since x4 concentrates on X. So to prove our result in the case where u
satisfies (3.10) it suffices to show

1 Zk> H(k)
su —lo< Zn+2” ! >
s B\ + 1)y Hn +2)

is bounded above in n. This follows again by Liggett’s Lemma 3.7 and the
fact that

1 1 1 e(n+2)bT
sup 1o —><—lo <-—>
:e[o?T]" g<H,(n+2) n g Hy(n+2)

1 < 1 >_ 1 L3 g Halk+2)
n E\Hyn+2)) nlog Ho2) n,~, CHyk+1)

where

=1

1s bounded above by (3.10).
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Proposition 3.11. Let

B,={(x,n)eB,:0<x<nn(x—1)=1land p(x+1)=1;
orx=0andn(x+1)=1,orx=nand g(x—1)=1}\8,

Let
B,={(x,n)eB,:0<x<nn(x—1)=0and g(x+1)=0;
orx=0andr7(x+1)=0,orx=nand17(x—1)=0}\§,,
Then
. 1 a, (1., x) M (1) N,(n,)
limsup su [— ai(n., x)log = z
S S (5 e X OB S S M) Vo)
1 ! 3 M’ N" X
Ly a;,(n,x)loga",w" X) ,"(’7) (”')]so
n (x.n)e By an(”’ 'x) Mn(”x) Nn(”)
Proof. On B,
a,,(n.\-,x)sb’ M (n) < 1 1
M (1) a,(n,x) "cg(n+1)y"*

and N ,(7n,)/N,(n) is bounded by a constant. On Bj,

[l:‘(ﬂ, x) M;’;(”A) Nn(”)
Mi(n)"  ay(nex) N1

are bounded by the same things, respectively. So as in the previous
proposition it suffices to prove that

1 1 logg(n+1) n+1
_l = — —_
°g<g(n+1)y"+'> n log?

n n

converges to 0. This follows as above. |
Proposition 3.12. Let
B¥={(x,n)€B,: 0<x<nn(x—1)=0,and n(x+1)=0}

Let
B¥*={(x,n)eB,:0<x<nn(x—1)=1,and n(x+1)=1}
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Then

: 1 a,(7x, x) M,(n) N,(n.)
limsup sup - al(n,, x) log == 1 g
n te[0,T] n (x,q;e By arll(”’ x) M::(nx) Nn(”)

and

i 1 al(n, x) Mi(n) N.(n)
llm su Sup — a:x(n’ x) log n nl ~ n S
n P tefo, T3 (x,:/):‘eB:. a;(q_‘,, x) M"(;,) N,(n.)

Proof. On B}

M(n) 1 a(n., x)
o d n Sb
amx) B N Mg

Also:

Case A. n,=0o0nZ,,:

No(ns) M
N(n)  Blx+lLn—x+1)

Case B. 0<x<v<n n,=00nZ,, and pv+1)=1:

N,(n,) N
N,(m  Blx+1,v—x+1)

by Lemma 3.4. So to prove the first claim of this proposition in Cases A
and B by the monotonicity of 8(/, r) it suffices to show

1 n
- Y Blx+l,n—x+1)
nx=0

X,Ll,{C: C:O on ZO.n} Ilogﬂ(x-l' 17 n—x+ l)l

and

111—1 n—1

;Z Y Bx+1l,v—x+1)

x=1 r=x+1

xp{l:{=00nZ,,,l(v+1)=1} |log B(x+ [,v—x+1)|
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both converge to zero uniformly on [0, T']. The function s log s is bounded
on compact subsets of [0, co) and f(/, r) is uniformly bounded, hence these
statements reduce to

lim sup u{¢(;¢(=00nZ,,}

" 1e[0,T]

<lim [ (1= 7)1 g =0

n

which is true since x4 concentrates on X. The second claim follows by
symmetry. |

Now
B,uB,uUB,UB*=B,UB,UB' UB**=B, (3.13)
Set
a,(n., x) M (n) N,(n,)
Cix,n)=[an. x)—a,(n x)] log = -
o6 1) = Ll X) = XV 1108 =00 0 Sy Y )
and set

a,(n. x)
Di(x)= a,(n., x)—a,(n, x)] log —=——
(x) ”EZXO'"[ f» X) 1, x)] log 2 (n.x)

for xeZ,, and ne X, . Notice that D(x) >0 for all x and n.
Corollary 3.14. If u is invariant, then

n l
lim inf% Y. DAx)=liminf- Y C¥x,n)=0

=0 " (x.n)€ By

while if y4 satisfies (3.10), then

1
limsup sup — Y Ci(x,n)<0

n te[0,7] n(x,'])EBn

Proof. This follows immediately from Lemma 3.1, Propositions 3.8,
3.9, 3.11, and 3.12, and the identity (3.13). |

Proposition 3.15. Any symmetric renewal measure is ergodic with
respect to translation.

Proof. Let u, be the symmetric renewal measure corresponding to
the probability density f. Set 7: X— X to be the transformation which
corresponds to translation by one unit to the right. Since the collection D
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of functions which depend on only finitely many coordinates is dense in
C(X), to prove that u, is ergodic it suffices to check that

[r@=" gdus— [ fduy|gau, (3.16)

as n— oo for all f, ge . It is enough to check (3.16) for f and g which are
indicator functions of cylinder sets, since any element of D is a finite linear
combination of such functions. Let ¢ >0. Choose M so that

M
——

up(0---0)<e

This is possible because pz(X)=1. We will identify each cylinder set with
a finite number of specified coordinates. Suppose 4 and B are cylinder sets.
Let n be large enough so that the distance between coordinates specified by
T~ "4 and those specified by B is greater than 2M. Assume (wlog) the last
coordinate specified by A4 is a 0, and the first specified by B is a 1. Then

>2M k I

—my M-—1 —— e
UuAT™"4 -+ B)y— Y up(T™"4---01-.-1--.B)|<2e
[—;

k=0 M

For 0 <k, I <M, we have

k i m
AT 0T gy T A 01) (0T B) ..
ps(T~"4---01.--01...B)= ﬂ,,(01) (01) p(01.--01)

From the proof of Proposition 2.1 we know that

n

~—A—
(01 01) > ug(01) ug(01) as m-—

Since m — 0 as n— oo for fixed k and /, we can choose n so large that

k I
pi(T"A 0 1) uy(01.- B)
ppO1) 01

m k {

—~—t
(010 1)-py(T—"4~-01) (017 B)

&

YL

822/80/5-6-15
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for all 0 <k, I < M. Using the fact that

Mol k !
- —A—— ——
Y pp(T~"A---01) pp(01 .- By —uy(T"A) uy(B)| <2¢

k=0
we get (3.16) for the indicator functions 1, and 1,. |}

Proof of Theorem 1.4. Let u be any translation-invariant, invariant
measure on X which is symmetric in zeros and ones. It follows from
Corollary 3.14 and a standard “free energy” argument (see Liggett'®) that

a"(”x’ x) = an(”’ x)

for all n20, xeZ, ,, and ne X, ,. Thus p is reversible. Now suppose we
were not given that u is symmetric in zeros and ones. Then consider the
measure g which is defined by applying u to configurations with zeros and
ones interchanged. The measure }u + 37 is then symmetric in zeros and
ones, and hence reversible. It is also a symmetric renewal measure. Since
an ergodic measure is an extremal translation-invariant measure (see
Corollary 4.14 in Chapter 1 of Liggett®®), we get u =4. Thus our proof is
complete. ||

In the attractive case we can extend the infinite nearest-particle process
to include the starting configurations #(x)=0 and #(x)=1. For ge D, Qg
extends continuously to X, since by attractiveness B(/, r) extends conti-
nuously to a function on {1, 2,.., 0o} x {1, 2,.., c}. Let g be an increasing
continuous function on X. If #, { € X and 5 <(, then

S(1) g(n) < S(2) g({)

and so we can define

S(r)g(l)= lig}S(t)g(n)
Wi

where 1 is the configuration {(x) =1, and we can define S(¢) g(0) similarly.
Thus S(z) g extends continuously to 0 and 1 for ge C(X). Set a(n)=
Diirenst U Ar) B, r), and let &(n) = max, ., (k). By basically the same
arguments as in Liggett,® if

1
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then é, and &, are not invariant, while if

1
> = (3.18)

they are invariant. Thus if f(/, r) satisfy (1.2) and (3.17), then by Theorem 1.4
the renewal measure is the only translation-invariant, invariant measure,
and the process is ergodic, while if #(/, r) satisfy (1.2) and (3.18), then if no
reversible (renewal) measure exists the only translation-invariant, invariant
measures are of the form Ady,+ (1 —4)J,, where 1e[0,1].

4. WEAK LIMITS

Throughout this section we will be assuming that the rates B(/, r)
satisfy the hypothesis of Theorem 1.4. When the rates are attractive we
often extend the definition of a reversible measure by saying that any
translation-invariant measure u is reversible if

(%, §) du() = | e(x, 0) du(?)

LC: (y)=n(y)lor0<y<n} {C: () =nly)for 0y <n}

foralln >0, xe Z, and 5 € X. (Note that with this definition the pointmasses
on the identically zero and identically one configurations, §, and J,, are
reversible.) We will use the free energy technique and draw from many of the
results obtained in Section 3 to prove the following:

Theorem 4.1. Assume that §(/, r) satisfies (1.2), where F is positive,
and that there exists a positive integer N such that B(/, r) is monotone
decreasing in / and r for /+r> N. Let u be a translation-invariant prob-
ability measure on X, and suppose that there exists a 6 > 0 such that

u{n(0)=0|n(x)=0forall0 <x<nandny(n)=1} =4 (4.2)
and
u{n(0)=1|n(x)=1forall0 <x<nandn(n)=0} >4 (4.3)

for all n>1. Let {1,} be a sequence of nonnegative numbers such that
1, — 0. Suppose that

v=lim uS(z,)
k

Then if v concentrates on X or the rates are attractive, v must be a reversible
measure.
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We need a few propositions to obtain the proof of Theorem 4.1. Our
first result uses subadditivity to show that lim,[ H,(u)/n] exists. We call
this A(u), the free energy of u.

Proposition 4.4. Let u be a translation-invariant measure on X.
Then

tim 2 _ )

n— 0

exists. Moreover, there exists a constant ¢ > —oo independent of x4 such
that

Alp)>c

Proof. The hard part of the proof is in showing that if we add a
constant to

M (7)1
"g&n (1) log N7

we get a subadditive sequence. We will start by showing that there exists
a K < oo such that

Nm(”m) Nn—l(’]n—l)
Nm+n(}7mxnn—l)

<K (4.5)

for all m, n>1, where n,,€ X, ,., 1,-1€Xo,-1, and #,,x7,_1€Xg 1 n
SLICh that ﬂmxnn—l =", on ZO,m and ’7mx’7n—l =’7n—l on Zm+l.m+n' Set
Glk)=%°,g(I). As in Liggett,'® we have

G(n) _y
"_1{1:0 g(n)——y_1<oo (4.6)
and
. ZZ‘;,,G(k)=( y >
"1_1}'1:0 2(n) — <o (4.7)

Case A. 1,,xn,_, 1s a configuration of the form

—
01..-1 0---01-.., ki, k,>1

site m

Then
Nm(”m) Nn—l(r]n—l) - G(kl) G(kZ)
Nm+n('7mx’7n—l) g(kl)g(kZ)
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Case B. 1, xn,_, is a configuration of the form

k n
—t—

mo men
Then
Nm('7m)Nn-](’ln—l)_G(kl)Zl?sz(l)
NoinlflwXa_y) — glky) Glks)

Case C. 1n,,X1,_, is a configuration of the form

m+1 n

n m+n

Then

Nof1) Ny 10— 1) =21>m+1 G() 315, G
Nm+n(”mx’7n—l) G(m+1) G(n)

Case D. #,,xn,_, is a configuration of the form

K k2

~—A— —A—

i10--.00---01--,  ky, k=1

L

Then
Nm(”m) Nn—l(ﬂn—l) G(kl) G(kz)

Nm+n(’7mx’7n—l) B g(kl +k2)

_ glk)) glks) Glky) Glky)
gl +ky) gk, gks)

< k 1,k
Sehlkit L k2 2 ) gty

for some finite constant ¢, independent of k;, m, and n.
Case E. n,,%xn,_, Is a configuration of the form
k n

—N N
i10--.00--- 0,  k>1

m m++n

G(k,) G(k,)

1157
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Then
Nm(”m) Nn—l(”n— 1) — G(k) ZI;n G(l)
Nm+n('7mX’7n—l) G(k+n)
< G(k) 21211 G(l)
glk+n)

_8lk) g(n) G(k) X5, G(I)
glk+n)  glk)g(n)

G(k) 215, GUI)
< k+ 1, n)———=0 -
PELLT =i gm)
Case F. 7#,,%xn,_, is a configuration of the form
m+1 n
m m4+n
Then
Nm(”m) Nn— l(ﬂn—l)= ZI;,;,+] G([) len G(l)
Nm+n(’7mx’7n—l) Zl>m+n+l G(l)
<Zl>m+l G([) ZIBM G(I)
= gm+n+1)

_gm+ 1) gn) Tyy 0y G Ty, GU)
gm+n+1) gm+1) g(n)

Zizmer GU) X5, G
gm+1) g(n)

Thus (4.5) is a result of (4.6) and (4.7). Now for m,n>1

<cBfm+1,n+1)

Mm n(n) log - Mm(”m) log
t]eA’z(),lm+n * Nm+n(']) r/meZXov,,, Nm(r]m)

- M,_(n,_,)log m———
'In—lg\'o,n-l l ' Nn—l(”u—l)

N, N
— Z Z M,,,+,,('7,,,X77,,_|)10g ;(’7!") n—l(”n—l)

Hm€ Xm fn—1€Xn—1 m+n(’7mx'7n—l)

<X 2 Mm+n(r7m><r7,._1)[N"'('7"’) N"“’(”"")—l]

NMm€Xm Mn—1€Xn— Nm+n(’7mx’7n—l)

< Z Z Mm+n('7mx’7n—l)[K_1]=K—l

Mm€ Xm fNn—1€ Xa—)
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where the first inequality is a consequence of the fact that log(1/t) <
(1/t) =1, for ¢ > 0, which follows from the convexity of the function ¢ log .
So if we set

S(n)= Y M,n)log +K—1
e Xon N,(n)
the sequence S(n) is subadditive. Thus
lim Y. M,(n)log
" yeX, " o)

exists. By a similar argument (see Ruelle,"!"’ pp. 178-181, for example)

1
lim= Y M,(n)log M,(n)

" ne Xon

also exists. Notice that if 3, , G(k) <1

Z M, (n)log >0

7€ Xon

1
N, (%)

while if ¥, 5, G(k)> 1,

1 n
M g\ 5. 6l
Z "(77) og ——~ N"( ) Z Mn(n) og <Zk2 . G(k))

:,exa,, leo,.

1
B\ T GR)
Also,

1 1
-y M,,(n)log M,(n) - sup — > M, (n)log M,(n)

7€ Xo,n " " e Xon
by subadditivity (see Ruelle,"""’ p. 180). So
lim - 'Y M mlog M= Y, M,(n)log My(n)
"R e Xom rleXol

Y [My(n)—-1]=1-4

7nE Xo1
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Thus

1 1
A(p) =lim = M ,(n) log M ,(n) + lim - M, (n) log
# " n'lezz\’o.n '7 g " n’IEZ):{O.n N"(”)

is a well-defined expression, and is bounded below independent of u. ||

In the proposition below we use the fact that the derivative of H,(u,)
can be written as a sum of terms C,(x, ) over (x, )€ B, minus a sum of
terms ;D!(x) over xeZ,,,.

Proposition 4.8. Let u be a translation-invariant measure on X
which is symmetric in zeros and ones, and such that there exists a 6 >0 so
that

u{n:n(0)=0|n(x)=00nZ,,_,and n(n)=1} >4

for all n>1. Then for any 0<¢, < ¢,

Al = A< | Hiu) de

where H <0 is an upper semicontinuous function.

Proof. We note that by Lemma 3.1 we have

dH,(p,) N B
d—t— Z Cn(x’ '7) 2 xgo Dn(x)

(x,n) € By

for all 1= 0. Also, by Corollary 3.14

. 1
limsup sup - Z C(x,1)<0
n telt.n]1 " (x,n)eB,

So

Hiw) . Hu)
A(p) = Alp,) = Jim 2 i

n— oo n

. H(p,)—H,(u,)
= lim

n—om h

. (21dH,(n,)
=1 Al
im J” P dt

n— o0

_[ynl 6] 2
= lim ['[ -y C,’,(x,n)dt—'[ 7 Y. Di(x) dt]
1 n x=0

#=o [ n My yes,
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] r n
< lim sup [ ~ Y Cix,m)dr—liminf | % Y D' (x)dt
n n x=0

" 1’ e,

2]
< —liminf| — Di(x
im in J” > xgo f(x) dt
e o1&,
< —j“ llm"mfﬁ JEO D!(x) dr

n 1 2
=| 1k - — D!
L im sup < > Xgo ,,(x)> dt
Note that D,(x}>0 for n>0 and xe Z,,. As observed in Liggett,’®
D'"('x) s Dll(x)

for m<n and xe Z, ,,. Now, for n>0, set

Sn+1)= Z D,(x)

x=0

Then for m, n >0, by using translation invariance, we get

S(m+1)+S(n+1)= i D, (x)+ i D, (x)
x=0 x=0

m+n+2

< Z Dm+n+2(x)+ Z Dm+n+2(x)

x=0 x=m+1
m+n+2
= Y Dpi.ioAx)=S(m+n+2)

x=0
So for n =1 the sequence S(n) is superadditive. Thus
lim sup — Z D,(x)=lim = Z D,(x)=inf —- Z D,(x)
n P 2n =0 " N n 2n x=0 X = n R x=0 "

which is the infimum of a sequence of upper semicontinuous functions.
Hence

_1 n
H =lim sup 5 Y. D,(x)
n x=0

is upper semicontinuous. |

Let R denote the set of all reversible measures (where the definition
has been extended to include d, and 4,). It follows as in Section 3 that for
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any translation-invariant measure yu, if z¢ R, then H(u)<0. The next
proposition can be proved using Proposition 4.8 in basically the same way
that Theorem 3.15 is proven in ref. 7.

Proposition 4.9. Let v be a translation-invariant measure such
that w(X) =1 if the rates are not attractive, and suppose that v¢ R. Then
there exists a weakly open set G, containing v and &, >0 such that if u
satisfies the conditions of Proposition 4.8 and u,e G,, then

A(#l+s)_A(/’ll)< —=Js
forall0<s<e.

Proof of Theorem 4.7. Let u be a translation-invariant measure on
X which is symmetric in zeros and ones and satisfies (4.2). Suppose that
t,— oo and u, — v, where w(X)=1 if the rates are not attractive. Then
A(u,,) is a convergent sequence by Propositions 4.4 and 4.8. Thus v must
be reversible by Proposition 4.9. The case of a measure g which is not sym-
metric in zeros and ones can be treated by considering the measure g which
we get by applying p to configurations with zeros and ones interchanged.
The ergodicity of the symmetric renewal measure is used much the same as
in the proof of Theorem 14. |

From now on we will assume that the rates are attractive [ f(/, r) is
monotone decreasing in / and r] in addition to (1.2) to obtain some
applications of Theorem 4.1. An immediate consequence of the theorem is
the following:

Corollary 4.10. Assume that f§(/, r) is monotone decreasing in /
and r and satisfies (1.2). Suppose that no symmetric renewal measure exists
for the rates f. Then if u is any translation-invariant probability measure
on X which is symmetric in zeros and ones and satisfies (4.2),

1S(1) = 300+ 36,

At this point we consider rates of a form for which a symmetric
renewal measure exists. Let F be as in (1.2) and suppose that there exists

a 8> 0 such that
< [ _F(2) 1 6"
1 .
<k§,[ﬂ(l,l)] e+ =% (4.11)

Then by attractiveness and the ratio test

Fk+1)
OF(k)

21
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Hence, we can choose 8, < # so that

= [ F2) Jl/z 65

1<
Z a0 Feen<®
and
Flk+1)
N

As shown in Chapter 6 of ref. S, we can then construct a transient finite
symmetric nearest-particle system (start the process with a finite number of
ones) by setting B(k, oco)=6%/F(k). If, in addition, we assume that
Sup, >, .o, Bl r) < o0, as in Section 2 of Mountford,""® we can show
that if 4 is a translation-invariant measure on X and H,—vast, — o,
then v must concentrate on X. Thus, using Theorem 4.1, we get the follow-
ing result.

Corollary 4.12. Assume that B(/, r) is monotone decreasing in /
and r and satisfies (1.2). Suppose that sup, .,,,_, B(/, r) < oo and there
exists a > 0 so that (4.11) holds for F as in (1.2). Then if u is any transla-
tion-invariant measure on X which satisfies (4.2) and (4.3), we have

uS(t) = pg

where z1, is the symmetric renewal measure determined by the rates B(/, r).
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